INTRODUCTION
The unique properties of composite laminates, including high strength and high stiffness-to-weight ratios, high fatigue resistance, high damping, and potential for tailoring, have led to serious examination of their engineering performance in areas such as vibration, buckling, and stress analyses. An understanding of the vibration behavior of composite panels has particularly attracted many researchers to the possibility of furnishing an optimal design state. Numerous works have applied a direct extension of Kirchhoff's classical theory of plates to composite laminates. The assumptions underlying this theory, however, result in underestimation of deflection and overestimation of natural frequencies of a plate. Because of this disadvantage in the classical plate theory, numerous refined theories incorporating the transverse shear deformations have been proposed.
In existing literature, the first-order laminated plate theory was due to Yang et al., 1 which was extended to the higher-order laminated plate theory by Reddy. 2 The firstorder theory implies a conceptual paradox as the transverse shear strain does not vanish on the top and bottom surfaces. The thick laminated plate theories were developed to improve the modeling of transverse shear distribution. In addition, the higher-order theory discards the shear correction factors required in the first-order theory. A comprehensive review of the various refined plate theories for laminates proposed over the years has been summarized by Reddy and Robbins Jr. 3 and Noor and Burton. 4 Out of these theories, the theory used in the present study comes under the class of a single-layer displacement-based theory. 2 In this theory, the three-dimensional elasticity theory is reduced to two dimensions by replacing the laminated plate with an equivalent homogenous anisotropic plate and introducing a global displacement approximation in the thickness direction. The order of approximation is with respect to the distribution of displacements in the thickness direction. Thus, this theory provides reasonably accurate solutions in predicting the global behavior of composite laminates.
During the past decades, there has been much interest in the finite element method using various laminate plate theories because of its versatility. [5] [6] [7] However, sufficient numbers of discretized elements and nodes are required if there are curved boundary conditions. The p-Ritz method 8 somewhat improves these shortcomings by using the more traditional Rayleigh-Ritz method which assumes the entire plate as a single element and eliminates the need for discretization, mesh generation, and larger degrees of freedom. Excellent results were seen on earlier works for isotropic plates and thin and thick laminates. [9] [10] [11] [12] An important feature of the Ritz method is the selection of admissible functions in the series representing the unknown functions in the displacement field. The accuracy and convergence of the solution are greatly dependent on the choice of the trial functions. In the present analysis, the p-Ritz functions are employed in which sets of uniquely defined polynomials are used as the admissible trial displacement and rotation functions. To account for the transverse shear effects, Reddy's higher-order shear deformation plate theory has been integrated with the p-Ritz method for solving the free vibration analysis of thick laminated plates with various boundary conditions.
It should be noted that Reddy and his associates 2,5 have presented results for only plates with opposite sides simply supported. Results for plates with general boundary conditions are still unavailable, to the authors' knowledge. Therefore, this paper attempts to provide examples of rectangular plates with various boundary conditions to show the applicability and versatility of the p-Ritz method, without the difficulty of mesh generation and continuity conditions of other discretization methods. Details of the analytical method and formulation for the problem of free vibration of laminated plates with combinations of clamped, simply supported, and free edges are presented. The accuracy and validity of the present method is established through convergence and comparison studies with the available literature results.
I. MATHEMATICAL FORMULATION

A. Preliminary
A thick, flat laminated plate with a thickness h, length a, width b, and composed of N orthotropic laminae oriented at angles is considered. The reference Cartesian coordinate system is located at the mid-plane of the laminated plate, as depicted in Fig. 1 . The laminae are assumed to possess a plane of elastic symmetry parallel to the xy plane and be stacked symmetrically with respect to the middle surface of the laminated plate. The vibration frequencies of the symmetric laminates subjected to a variety of edge conditions, length-to-thickness ratios, aspect ratios, degrees of orthotropy, stacking angles, and numbers of layers are to be determined.
B. Energy expressions
By applying Reddy's higher-order shear deformation theory, the displacements of an arbitrary point of the thick laminated plate along the x, y, and z axes can be represented as and the constitutive equations for the kth lamina are
in which k ϭ͓ x y yz xz xy ͔ T and the stiffness matrix is defined by
Here, (Q i j ) k are obtained by transforming the stacking angle and the stiffness constants (Q i j ) k which are related to the material properties, E 1 , E 2 , 12 , 21 , G 12 , G 13 , G 23 , of each ply. In terms of these engineering constants, (Q i j ) k can be written in the form of
In linear elasticity analysis, the strain energy for each ply is given by
where U k and V k are respectively the strain energy and the volume of the kth lamina. Hence, the total strain energy for the entire laminated plate is
Accordingly, the total kinetic energy T associated with the vibration of laminated plate is
in which k is the mass density per volume for the kth lamina.
The equivalent modulus for a multidirectional lamina is introduced:
where all B i j and E i j vanish if laminates are stacked symmetrically about the mid-plane. The total potential energy U and total kinetic energy T can be further expanded in terms of the equivalent modulus ͑see the Appendix͒. The deflection and rotation functions of the laminate mid-plane are periodic in time. Therefore, for small amplitude vibration, we can assume that
By substituting Eqs. ͑11a͒-͑11e͒ into the total potential energy U and the total kinetic energy T, we can obtain the maximum strain energy U max and the maximum kinetic energy T max . The total energy functional ⌸ of the plate is defined in terms of U max and T max as
which can be minimized using the p-Ritz method to obtain the vibration frequencies.
C. p-Ritz method
The displacement and rotation components, U(x,y), V(x,y), W(x,y), ⌰ u (x,y), and ⌰ v (x,y), can be further simplified by using the nondimensional expressions
Accordingly, the in-plane deflection and rotation functions can be expressed in the nondimensional plane, leading to
tions which are products of two-dimensional polynomials and basic functions. The associated
the unknown coefficients. The number of terms m in the series ͑14a͒-͑14e͒ can be obtained by
where p is the degree of the set of two-dimensional polynomials.
The p-Ritz shape functions can be generated by assuming that
in which ␣ϭu,v,w, u , v , and b ␣ (,) denotes the basic function which must at least satisfy the geometric boundary conditions of the laminated plate. The basic function for the laminated plate can be expressed as
where ⌫ s (,) is the boundary equation of the sth supporting edge and ⍀ s ␣ denotes the associated basic power. The basic functions consist of products of boundary expressions of the laminated plate raised to their associated basic powers to guarantee automatic satisfaction of geometric boundary conditions. Whitney 13 suggested that one member of each pair of the following four quantities must be prescribed along the boundary to ensure unique solutions to the governing equations u n ;N n u s ;N ns ‫ץ‬w ‫ץ‬n ;M n w; ‫ץ‬M ns ‫ץ‬s ϩQ n . ͑18͒ 
Simply supported wϭ0 M n ϭ0
Clamped wϭ0 ‫ץ‬w/‫ץ‬nϭ0
a Here, n and s indicate the directions normal and tangential to the corresponding supporting edges. 
Therefore, many types of boundary conditions are considered along the geometric and natural boundary constraints given in Eq. ͑18͒ and summarized in Table I . For examples, there are four types of simply supported conditions: S 1 , S 2 , S 3 , and S 4 . These supports have the transverse direction w constrained and varying in-plane support conditions. The most common simply supported condition is S 1 where both the normal and tangential displacements in the midplane are constrained. Another condition having physical interpretation is S 2 with transverse (w) and tangential (u s ) directions constrained which occur mostly in composite plates and sometimes termed ''freely supported.'' 14, 15 The basic powers ⍀ s ␣ are assigned 0, 1, or 2 depending on whether the normal, tangential, or transverse direction is constrained at the edge. Details of basic power for various combinations of boundary conditions are listed in Table II . As shown in Fig.  1 , sϭ1 refers to the edge at xϭϪa/2, and sϭ2,3,4 correspond to the subsequent edges, going counterclockwise. In detail, the nondimensional basic functions for the rectangular laminated plate are
with ␣ϭu,v,w, u , and v . By applying the Ritz method, we minimize the total energy functional ⌸ with respect to the unknown coefficients, 
II. NUMERICAL STUDIES AND DISCUSSIONS
Several examples with various combinations of boundary conditions have been investigated to demonstrate the versatility of the p-Ritz method. All laminae have been assumed to have the same orthotropic properties and equal thicknesses. Numerical results from the published literature have been taken for comparison to demonstrate the accuracy of p-Ritz method integrated with the higher-order shear deformation theory. In this study, all results have been computed in double precision on a SGI PowerChallenge computer. Material properties used in all examples have been assumed to be nondimensional as follows: The present method has been verified using three examples with an aspect ratio a/bϭ1.0 and boundary conditions of S 3 S 3 S 3 S 3 . The first example is an isotropic square plate of material 1 and with a length-to-thickness ratio a/h ϭ10, while the second and the third examples are three-ply and five-ply laminated plates of material 3 with a/hϭ5 and stacking sequence (45°/Ϫ45°/45°) and (45°/Ϫ45°/45°/ Ϫ45°/45°), respectively. A convergence study for frequency parameters was carried out by increasing the number of polynomials from 7 to 15. In Table III , the results for an isotropic plate 16 obtained using this method are very close to Noor's 3-D solutions 17 and Mallikarjuna's solutions 6 which were obtained by a higher-order theory and the finite element method. The frequency parameters obtained using pϭ9 are within a discrepancy of 0.3% of pϭ15 in all cases as shown in Tables III-V. It is observed that the fundamental frequencies for single-layer plates converge faster than those for the multi-layer laminates in Tables IV and V. The frequencies also converge rapidly for the modes dominated by in-plane displacements as opposed to the out-of-plane displacements. Higher values for p are therefore needed to provide sufficient accuracy for the higher modes. However, a higher p also leads to more computational effort. Therefore, the parameter pϭ15 was adopted as a reasonable compromise for subsequent computation.
The fourth example presents a square plate made of ara- 6 ͑first-order theory͒, and Mallikarjuna 6 ͑higher-order theory͒ are 23.78%, 1.73%, and 1.01% of the exact solutions. As expected, the results obtained by using present method are superior to those of CLPT and first-order theories. They are also very close to the closed form solutions and 3-D elasticity solutions. Therefore, the p-Ritz method is able to provide very accurate results without the difficulties of mesh generations and discretization losses in the finite element method.
In the fifth example, a four-ply square laminate made of material 3 stacked in a sequence of (0°/90°) s with boundary condition S 2 at all edges and a length-to-thickness ratio of 10 has been examined. The effect of the length-to-thickness ratio on the laminated plates has been presented in Table VII by varying the ratio from 4 to 100. As shown in Table VII , the effect of length-to-thickness ratio on the fundamental frequencies is pronounced and the error in using the classical laminated plate theory increases for thicker plates because of the neglect of shear effects. The present results are in close agreement with Reddy's closed form solutions.
The sixth example analyzed the same laminate as example 5 but with a length-to-thickness ratio of 5, different numbers of layers, and different degree of orthotropy. From the results in Table VIII , it is observed that the prediction of the fundamental frequency by CLPT is inaccurate for materials with a high degree of anisotropy. This reaffirms the fact that the effect of material anisotropy on the fundamental frequency for symmetrically laminated plates is pronounced. In addition, the response characteristics predicted by the present method are accurate and the maximum error in the fundamental frequencies is about 1% compared to the 3-D solutions of Noor.
17
The effect of boundary conditions on the fundamental frequency has been examined in the seventh example. A four-ply square laminate made of material 3 has been as- Higher-order shear deformation theory. sumed to have a length-to-thickness ratio of 10 and be stacked with a sequence of (Ϫ45°/45°) s . As summarized in Table IX , the frequencies are higher for plates with stiffer constraints.
In the last two examples, the combined effects of plate aspect ratio, length-to-thickness ratio, and stacking angle for symmetric angle-ply, cantilevered (C 1 F 4 F 4 F 4 ,), and simply supported (S 3 S 3 S 3 S 3 ) laminated plate have been investigated. The laminates have been assumed to be made of material 3, and be either five-ply with stacking sequence ͑/Ϫ/ /Ϫ/͒ or three-ply with stacking sequence ͑/Ϫ/͒. The
Boundary conditions
Fundamental frequency parameter
19.5025 results are presented in Tables X and XI. In both examples, the fundamental frequencies decrease with an increase in length-to-thickness ratio. It is observed that boundary conditions have a significant influence on the effect of stacking angle for laminated plates. As shown in Table XI , for the simply supported laminates, the fundamental frequencies decrease as stacking angle increases for a plate with a/b Ͻ1.0, and increase for a/bϾ1.0. However, for cantilevered laminates, the fundamental frequencies decrease as the stacking angle increases. It has also been shown that the fundamental frequencies increase with aspect ratio for simply supported laminates and decrease with aspect ratio for cantilevered laminates.
III. CONCLUSIONS
The p-Ritz method has been employed for free vibration analysis of thick composite plates with symmetric lamination based on the higher-order shear deformation theory. A concise governing eigenvalue equation has been derived. Convergence of eigenvalues has been verified and excellent agreement has been achieved with respect to first-order, higher-order, finite element, and three-dimensional elasticity solutions. Numerical frequencies for laminates made of materials with different degrees of orthotropy have been presented and illustrated with relevant vibration mode shapes. The effect of length-to-thickness ratio, boundary conditions, plate aspect ratio, number of layers, and stacking angles on the laminates have also been investigated. This analysis suggests that, so far as the free vibration of laminated composite plate is concerned, the higher-order shear deformation theory is able to predict accurate solutions. The versatility of the p-Ritz method in accounting for laminated plates with a variety of boundary constraints should be appreciated. 
APPENDIX
